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1. PRELIMINARIES 
While the main line of thought in ergodic theory is determined by the 
study of invertible measure preserving transformations, interesting 
examples and counterexamples are sometimes furnished by many-to-one 
transformations. Thus, as is well-known, the transformation To in [0, 1 [ 
defined by 
(1) Tox - 2x (mod 1) 
is Borel measurable, two-to-one, measure preserving (with respect to 
Lebesgue measure), and strongly mixing (cf. [2] pp. 6, 29, 37, [5] §§ 52, 
56). Closely connected with To is the so called "baker's transformation" 
So in the unit square defined by 
(2X'~) for O,x<! 
(2) So(X, y) = (2X -1, Y+2 1) r .1 1 
.Lor 2'X< . 
The transformation So is Borel measurable, invertible, measure preserving 
(with respect the Lebesgue measure in the unit square) and strongly 
mixing (cf. [2] pp. 9, 29, 37, [3] 4. § 5). In the natural measure theoretic 
isomorphisms between the unit interval and the unit square on the one 
hand and the one-sided and two-sided countably infinite dyadic product 
spaces on the other hand, To and So correspond to the well known shift 
transformations in the corresponding product spaces. 
In the present paper we modify (1) such as to give a Borel measurable, 
measure preserving, and strongly mixing transformation T which is 
countably infinite-to-one. This transformation also gives rise to a modified 
"baker's transformation" S which is Borel measurable, invertible, measure 
preserving, and strongly mixing, but still somewhat pathological (at least 
from the baker's point of view). Finally we use the method employed 
for the construction of T in order to construct a Borel measurable, measure 
preserving, countably infinite-to-one transformation R on [O,oo[ with 
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properties, closely resembling ergodicity. All these transformations may 
conveniently be described in terms of shifts in one- or two-sided countably 
infinite dyadic product spaces. 
Throughout this paper we shall stick to the following notation: the 
dyadic expansion of a non-negative real number x will be given by 
+00 
X = L x(i)2-i , X(t)=a, 
i=-oo 
where for only finitely many indices i < ° we have X(i) = 1, and where in 
case of two possible expansions (X(io) = 0, X(i) = 1 for all i > io or X(io) = 1, 
X(i) = ° for all i > io) the one with X(i) = ° for all i > io will be chosen. For 
O<x< 1 we then have 
00 
x = L X(i) 2-i . 
• =1 
For every non-negative real number x we define p(x) to be the number 
of consecutive dyadic digits X(i) = 1 in the initial block starting with index 
i= 1. Thus 
X(i) = 1 for 1 < i <p(x), 
X(p(x)+l) = ° 
(for p(x) = ° the first line is empty; similarly, in what follows, for 
i2 
il > i2 the sum L is defined to be 0). 
i1 
In the subsequent sections 2 and 3 we shall denote by \8 the class of 
Borel sets in [0, 1 [, by \82 the class of Borel sets in the unit square 
[0, 1 [x [0, 1 [, by ~ the class of intervals [hI· 2-11, h2 • 2-12 [(hI, h2' iI, j2 non-
negative integers) in [0, 1 [, and by ~o the subclass of intervals ofthe form 
[2h· 2-1, (2h+ 1)· 2-1[ (h, j non-negative integers). Finally we shall denote 
by \81 the class of all finite unions of intervals in ~ (we may always assume 
these intervals to be disjoint). Then \81 is an algebra generating the 
a-algebra \8 (cf. [1] §§ 5, 6). 
Throughout this paper the properties of a transformation to be measure 
preserving, ergodic, or strongly mixing, will be understood to be meant 
with respect to the corresponding Lebesgue measure A or A2 respectively. 
The set of non-negative integers will always be denoted by N. 
For the convenience of the reader we recall the following definitions: 
The transformation T in [0, 1 [ is called Borel measurable if T-l E E \8 
for E E \8 (analoguously for transformations in [O,oo[ or in the unit 
square). T is called invertible if T is one-to-one onto and if the inverse 
transformation T-l is Borel measurable. T is called measure preserving 
if A(T-IE)=A(E) for EE\8. T is called ergodic if EE\8 and T-IE=E 
together imply that either E or its complement has measure zero. T is 
called strongly mixing if for every pair of Borel sets E, F we have 
lim A(T-kE n F) = A(E) . A(F) (the last definition of course does not 
k<-oo 
extend to [0, oo[). 
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I am indebted to drs. K. A. POST for pointing out the relation between 
the transformation T and the shift transformation in infinite dyadic 
product space. 
2. A MODIFIED ONE-SIDED SHIFT TRANSFORMATION 
Theorem 1: Let the transformation T be defined in [0, l[ by 
(3) Tx=2 j +1(x-l+2-j ) for xEIj =[1-2-j , 1-2-j - 1 [,j EN. 
The transformation T has the following properties: 
a) TI j = [0, l[ for j EN. 
b) T is countably infinite-to-one. 
c) T is Borel measurable. 
d) T is measure preserving. 
e) T is strongly mixing. 
In fact, the assertions a) b) c) d) follow immediately from (3) and 
from the fact that 
where we have 
00 
T-IE = U (2- j - 1E+1-2-j) for E E la, 
i~O 
2-j- 1E+1-2-jCIj for jEN. 
We further note that in terms of dyadic expansion the transformation T 
amounts to removing the first block of consecutive dyadic digits 1 and 
of the following zero in the expansion of x: 
or, equivalently, 
00 
Tx = ! X(Hp (x) +1) • 2-i for x E [0, 1 [, 
i~l 
(TX)(i) = X(Hp (X) +1) for x E [0, l[ and i:;;d. 
Thus, in the one-sided countably infinite dyadic product space, for all 
elements corresponding to points in I j , to the transformation T corresponds 
the (j + 1)-th power of the shift transformation. 
Before proving assertion e) of theorem 1 we state a lemma which we 
shall also have to use in the following sections. 
Lemma 1: For every interval I E ~o there exists a unique non-negative 
integer q(I) such that 
A(Tk I) < 1 for k < q(I), 
Tq(I) 1= [0, 1 [. 
Moreover, Tq(I) constitutes a linear one-to-one mapping of I onto [0, 1 [. For 
every integer k;;;. 1 there exists a countably infinite family of pairwise disjoint 
00 
intervals h.n E ~o (O<n<=) such that U I k.n= [0, l[ and q(Ik.n)=k for 
n E N. n~O 
806 
Proof: Let the interval 1= [2h.2-J, (2h+l).2-i [EiJo be given. Then 
for Xi = (2h) (i-}) (Ld < j) we have 
I={x E [0, 1[: X(i)=Xi for l<i<j}. 
In particular, we have xU) = ° for all x E 1. Let q(I) be the number of 
zeros among the dyadic digits Xi = (2h) (i-}) (1 <i <j); then Tq(I) removes 
from the expansion of every x E I the first j dyadic digits. Thus we get 
Tq(I) I = 2}(I - 2h· 2-}) 
and q(I) obviously has the desired properties. 
The existence of the family {h,n}:~o C iJo can be proved by induction. 
For k= 1 we set I 1,n=In for n EN (cf. (3) and assertion a) of theorem 1). 
If the family {h,n}:~o has already been constructed so as to possess the 
desired properties, then the collection of preimages of the intervals 
I} (j EN) under the linear one-to-one mappings Tk of the individual 
intervals Ik,n onto [0, 1[ (n E N) forms a countable family {h+1,n}:~o 
with the desired properties. 
Proof of theorem 1: After what has been said above it only 
rests to prove assertion e). Thus, we have to show 
(4) lim )'(T-kE (') F)=)'(E)).(F) for E, F E 58. 
Since every set F E 58 can be approximated by a set F. E 581 (in the sense 
of )'(FLJF.)<e, cf. [1] § 13 D), it suffices to prove (4) for FE 581. Since 
every set F E 581 is the union of finitely many pairwise disjoint intervals 
in iJ and since every such interval is a countable disjoint union of intervals 
in iJo, because of the finiteness of), it suffices to show (4) for FE iJo. Let 
)'(F)=2-i and let q=q(F). By lemma 1, since Tq is a linear one-to-one 
mapping of F onto [0, 1 [ we get 
)'(T-qE (') F)=2-i )'(E)=)'(E).)'(F) for E E 58, 
)'(T-k E (') F) = ),(T-qT-(k-q) E (') F) = 
=),(T-(k-q)E) ·),(F) = 
=),(E).),(F) for E E 58 and for k>q. 
This proves the assertion. 
As a consequence of assertion e), the transformation T is also ergodic. 
This fact can also be proved directly as follows, using the measure theoretic 
isomorphism between the unit interval and the one-sided countably 
infinite dyadic product space, and the zero-one law (cf. [1] § 46 (3)). 
Let E E 58 be invariant under T (i.e. T-1E =E) and assume x E E, 
Y E [0, 1 [, y(i) = X(i) for all i > io. If k1 and k2 are the number of zeros among 
the dyadic digits X(i) and y(i) (1 <i<io) respectively, we have 
Tk2+1y=Tk1+1X E Tkl+1E C E, 
y ET-k2-1E=E. 
807 
Thus, the set E contains together with an element x every other element 
y with eventually the same dyadic expansion. An application of the zero-
one law then gives A(E) = 0 or A(E) = I, which had to be proved. 
3. A MODIFIED TWO-SIDED SHIFT TRANSFORMATION 
Theorem 2: Let the tran8formation S be defined in [O,I[x [0,1[ by 
~ S(x, y) = (2j+1(x -1 + 2-j ), 2-j- 1 y + 1- 2-j) (5) ( for xEIj=[l-2-j, 1-2-j- 1 [,jEN,O<y<1. 
The tran8formation S has the following propertie8: 
a) S i8 Borel mea8urable. 
b) S i8 invertible. 
c) S i8 mea8ure pre8erving. 
d) S i8 8trongly mixing. 
Proof: The assertions a) b) c) follow from the fact that, on the 
rectangle I j x [0, 1 [ (j EN), the transformation S coincides with an affine 
transformation upon the rectangle [0, 1 [ x I j in the unit square (a stretching 
in direction of the x-axis combined with a sqeezing in direction of the 
y-axis). 
In order to prove assertion d) we have to show 
(6) lim A2(S-kE (') F)=A2(E)'A2(F) for E, F E )32. 
k-H)o 
After what has been said in the proof of theorem 1 it suffices to show (6) 
for all rectangles 
E=AXB} 
F=CxD A,B,C,DE'iYo. 
Let ql=q(B) and q2=q(C). Then (comparing (5) with (3)) we have 
For k> I, let 
S-Q1E =Al x [0, 1 [ 
SQ2F=[O,I[xD2 
00 
[0, 1[ = U h,n , q(h,n)=k 
11.-0 
be the decomposition described in lemma 1. We obtain 
00 
(a disjoint union), and 
00 
SQ2+k F = U Sk(h,n x D2) = 
11.-0 
00 
= U ([0, 1 [ X Dk,n) Dk,n E'iYo. 
11.-0 
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Since the sets h.n x D2 (n EN) are pairwise disjoint and since S is one-
to-one, also the sets [0, 1 [ X D k •n (n EN) are pairwise disjoint and, a 
forteriori, so are the sets Dk.n (n EN). From b) and c) we conclude 
A.2(S-(ql +q2+k) E n F) = A.2(S-Q1E n SQ2+k F) = 
00 
= A,2(AIX [0, 1[ n U ([0, l[xDk •n )) = 
00 ,,~O 
= .L A,2(AI X D k •n ) = 
n=O 00 
= A,(A1)· .L A,(Dk •n ) = 
,,~O 
= A,2(S-Q1E) . A.2(SQ2+k F) = 
= A,2(E) . A,2(F) for k;;:. 1. 
This proves the assertion. 
The dyadic representation of the transformation S is given by 
S(x, y) = (u, v) 
00 
u = .L X(Hp(x)+l) • 2-i , 
i~l 
p(",,+l 00 
V = .L X(i)· 2-i + .L Y(i-p(x)-l)· 2-i . 
i~l i~p("'l+2 
In other words, the initial block of dyadic digits including the first zero 
after the comma is chopped off the expansion of x and inserted as an 
initial block of dyadic digits in front of the original dyadic expansion 
of y. 
4. A RELATED MEASURE PRESERVING TRANSFORMATION IN [O,oo[ 
We now denote by Q3 the class of Borel sets in [0, oo[ and by A. Lebesgue 
measure on [0,00[. 
Theorem 3: Let the transformation R be defined in [0, oo[ by 
+00 
Rx = y = .L Y(i)· 2-i for x E [0,00[, 
i=-oo 
(7) Y(i) = X(Hp(x)+l) for i;;:. I, 
Y(i)-X(i)+P(X)(i) (mod 2) for i.;;;O. 
The transformation R has the following properties: 
a) R [n,n+l[=[O,oo[ for nEN. 
b) R is countably infinite-to-one. 
c) R is Borel measurable. 
d) R is measure preserving. 
e) For every given sequence {nk}k'~o eN there is exactly one point 
x E [no, no+ 1[ such that 
Rkx E [nk, nk+ 1[ for kEN. 
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Before proceeding with the proof of theorem 3 it seems worth while 
to visualize the action of the transformation R in a more illustrative way 
than given by (7). To this end, let 
~ In, j = [n + 1-2-j , n + 1- 2-j-1 [ 
(8) (={xE[n,n+l[:p(x)=j} forn,jEN. 
From (7) then follows that 
(9) RIn,i= [m, m+ 1[, 
where 
(10) 
and where R is linear one-to-one on In,j' More explicitely, we have 
Rx=2j +1(x-n-l+2-j )+m for XEIn,j' 
Keeping n fixed and letting j vary through N we deduce from (10) that 
the intervals In,j (j EN) and the intervals [m, m+ I[ (m EN) are assigned 
to each other by (9) in a one-to-one fashion. The analoguous statement 
is true if we keep j fixed and if n varies through N. Finally, keeping m 
fixed, we see that for every n EN there is exactly one index j EN (again 
this correspondence is invertible) such that I n,j is mapped by R onto 
[m, m+I[. 
Proof of theorem 3: The considerations above already show the 
validity of the assertions a) b) c). From (7) we conclude 
00 
R-1y = {Xj = L (Xj)(i): j EN, 
i=-oo (Xj)(i) -Y(i)+j(i) (mod 2) for i<:;O, 
(Xj) (i) = 1 for 1 <:;i<:;j, 
(Xj)(i) = ° 
(Xi) (i) = Y(i-j-1) 
for i=j + I, 
for j+2<:;i}. 
If E is a Borel set in some interval [m, m+ I[ (m EN) and if n EN is 
given, then we can determine the non-negative integer j from (10). We 
obtain 
(II) R-1E n [n, n+ I[ = 2-j - 1(E -m) +n+ 1- 2-1. 
Since the correspondence between nand j is invertible, we get 
00 
A(R-1E) = L 2-j-1A(E)=A(E). 
=0 
For an arbitrary Borel set E we define Em=E n [m, m+ 1 [ (m EN). Then 
we have 00 00 
A(R-1E) = L A(R-1Em) = L A(Em)=A(E). 
m=O m=O 
Thus we have proved assertion d). 
810 
Let {nk}f=o be a given sequence of non-negative integers. The require-
ment that a point x E [no, no + 1 [ have the property Rx E [nl' nl + 1 [ 
uniquely determines the dyadic digits xU) = (nO) (i) (i.-;;; 0) and also the 
integer p(x):> 0 by the congruence 
p(x)(i) (nl)(t)+x(i)=(nl)(i)+(nO)(i) (mod 2) for i.-;;;O. 
By induction we get 
p(RkX)(i) - (nk+l)(i) + (nk)(i) (mod 2) for i.-;;; 0, kEN, 
X(i) = (nO)(i) for i.-;;; 0, 
1-1 I 
X(i) = 1 for L p(Rkx)+l<i.-;;; L p(RkX)+l.l EN, 
k=O I k=O 
X(i) = 0 for i = L p(Rkx)+l+l, lEN. 
k-O 
+00 
By construction, for x = L lI:(i) . 2-i we get Rk x E [nk, nk + 1 [. This 
i=-oo 
proves assertion e). 
Since explicite examples of ergodic measure preserving transformations 
on [0, =[ are scarce (cf. [2] p. 29, [3] 4. § 5), it would be interesting to 
know whether the llransformation R is ergodic. Although I do not know 
whether this is the case, there is evidence pointing in this direction. 
Theorem 4: Suppose R-IE=E E5S and )"(E»O. Then the following 
statements hold: 
a) )"(E () ]a, b[»O for every open interval ]a, b[ C [0, =[. 
b) sup )"(E () [m, m+a[)=a for all a>O. 
mEN 
In particular we have ).,(E)==. 
The following lemma is needed for the proof of theorem 4. 
Lemma 2: Let n EN and sEN be given. For O.-;;;j < 28 define mj EN 
by 
(12) (mj)(i) - n(i)+j(i) (mod 2) for i.-;;;O. 
Then the set M = {mj: 0.-;;; j < 28 } consists of 28 consecutive non-negative 
integers. 
Proof: Let r EN be determined by n(-r+l) = 1, n(i) = 0 for i.-;;; -r (for 
n= 0 we put r= 0). Furthermore, let t=max (r, s), let J = {j EN: O.-;;;j < 2t}, 
and let 
j' = (j(o)' j(-l), ... , j(-t+l») for j E J. 
The mapping j -+ l' is a one-to-one mapping of J onto the direct product 
J' of t copies of the additive group of order 2. We consider the image M' 
of the set Me J under this mapping. There are two cases to be distin-
guished: 
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If t=s>r, then by (12) we get M' by adding n' to every element of J'. 
Thus we have M' =J' and M =J. If t=r>s, then we have 
{j': O,,;;j < 2s}= {j' E J': j(-s) = ... =j(-r+1) = O}, 
a subgroup of J'. By (12), the set M' is the coset 
M' = {m' EJ': m(i)=n(i), -r+ 1 ,,;;i,,;; -s}. 
Thus we have 
7-1 7-1 
M={m EJ: .L n(-i)' 2i,,;;m< .L n(-i)' 2i+2s}. 
i=8 i=s 
Proof of theorem 2: We first extend the definition of the class ~o 
as given in section 1 by admitting all intervals [2h.2-J, (2h+1).2-J[ 
(h, j EN). The same reasoning as used in the proof of lemma 1 then 
shows that for every interval 1 E ~o there exists a uniquf\ non-negative 
integer q(l) such that 
~ ),(Rlc 1) < 1 for k < q(l), 
? Rq(I) = [n, n+ 1 [ for some n E N. (13) 
Moreover Rq(I) constitutes a linear one-to-one mapping of I onto [n, n + 1 [. 
Suppose now we have R-IE =E E)B and )'(E) > O. There exists at least 
one non-negative integer m such that Em=E n [m, m+ 1[ has positive 
Lebesgue measure. From (11) we conclude ),(En»O for all n EN. Let 
0,,;; a < b be given and let 1 E ~o be contained in ] a, b [ and ),(1) = 2-j 
Then by (13) we have 
Rq(I)(E n l)=E n [n, n+ 1[ =En, 
)'(E n ]a, b[»),(E n 1)= 2-j ),(En ) > O. 
This proves the assertion a). 
In order to prove assertion b) it suffices to show: for every sEN and 
for every real number 'Yj> 0 there exists an integer mEN such that 
We observe that for at least one (in fact for almost every) point x E E 
we have 
lim )'(E n ]x-<5, x+<5[) = 1 
~-+O 2<5 
(cf. r4] IX. § 5, [5] § 33). We now choose s>O so small that 2(2'+s+3)s<'Yj 
and we determine <5 > 0 such that 
)'(E n ]x-<5, x+<5[»(I-s)·2<5. 
If kEN is chosen in such a way that 2-lc ,,;; <5 < 2-lc+1, then there exists 
an interval 
[h.2- lc , (h+ 1).2-lc [ C ]x-<5, x+<5[ (h EN). 
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All the more we have 
For j EN, let 
1= [2h· 2-k- 1, (2h+ 1). 2-k- 1[ c ]x-o, x+o[, 
A(E n I»2-k-1_280>(1-238)·2-k-1. 
I j = [(2h+ 1). 2-k- 1- 2-k- j- 1, (2h + 1). 2-k- 1_ 2-k- j- 2[ E {Yo. 
Then we have 
00 
1= U h 
i~O 
I j nIl = 1> for j#l, 
q(Ij)=q(I)+1 for jEN, 
A(E n I j) > (1- 2j+4 8). 2-k-j-2 for j EN. 
If Rq(I)I = [n, n+ 1[, then the intervals Rq(I)Ij (j EN) form the sequence 
of consecutive subintervals In,j (8) of [n, n+ 1[ of length 2-j-1. By (9), 
(10), and by lemma 2, the set 
28 -1 28-1 28-1 
Rq(I)+l U I j = R U In,j = U RIn,j 
i~O i~O i~O 
is an interval of the form [m, m+28[ (m EN). Because of the invariance 
of E, the transformation Rq(I)+1 constitutes a piecewise linear one-to-one 
28 -1 
mapping of the set E n U If onto the set En [m, m+28[. The 
i~O 
assertion then follows from the inequalities 
A(E n Rq(I)+lIj ) > 1- 21+4 8> 1- 22'+3 8 for O,;;;;,j < 28 , 
A(E n [m, m+28[»28(1-22'+38)=28-22'+s+38>28-1]. 
Technische Hogeschool Eindhoven 
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